The brightest point in accretion disk and black hole spin: implication
  to the image of black hole M87* by Dokuchaev, Vyacheslav I. & Nazarova, Natalia O.
ar
X
iv
:1
90
6.
07
17
1v
3 
 [a
str
o-
ph
.H
E]
  6
 A
ug
 20
19
The brightest point in accretion disk and black hole spin:
implication to the image of black hole M87*
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We propose the simple new method for extracting the value of the black hole spin from
the direct high-resolution image of black hole by using a thin accretion disk model. In
this model the observed dark region on the first image of the supermassive black hole in
the galaxy M87, obtained by the Event Horizon Telescope, is a silhouette of the black hole
event horizon. The outline of this silhouette is the equator of the event horizon sphere. The
dark silhouette of the black hole event horizon is placed within the expected position of the
black hole shadow, which is not revealed on the first image. We calculated numerically the
relation between the observed position of the black hole silhouette and the brightest point
in the thin accretion disk, depending on the black hole spin. From this relation we derive
the spin of the supermassive black hole M87*, a = 0.75 ± 0.15.
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2I. INTRODUCTION
The Event Horizon Telescope (EHT) recently presented for the first time the impressive direct
image of the supermassive black hole in the galaxy M87 [1–6]. There are two specific features on
this image: the dark silhouette and the bright region.
It is obvious to suppose that the bright region is related to the emission of accreting matter
around the supermassive black hole M87*. However, what is the physical origin of the dark sil-
houette, viewed on the presented image? It depends on the black hole astrophysical environment.
The black hole shadow is viewed by the distant observer in the case of a stationary luminous
background, placed beyond the unstable circular photon orbit rph [7–22]. In the pioneering work
of J. M. Bardeen [7], the black hole shadow was called the “apparent boundary” of the black hole.
The outline of the black hole shadow is shown by the dark red closed curves in our figures.
Thequite different case is the black hole image producedby the luminous non-stationarymatter
plunging into black hole in a region between the unstable circular photon orbit (photon ring) rph
and the black hole event horizon rph. The evident example of the luminous non-stationary matter
is the inner region of thin accretion disk between the Innermost Stable Circular Orbit rISCO (see
definitions and details, e.g., in [23]) and the event horizon rh. A non-stationary luminous matter
in this region is spiralling down toward the event horizon and produces a dark image of the event
horizon silhouette instead of the black hole shadow [8, 24–31]. In addition, the outline (contour)
of this silhouette is the image of the event horizon equator [32–34].
We calculate below the form of the event horizon silhouette of the rotating Kerr black hole by
modelling the emission of the non-stationary luminous matter spiralling down into black hole in
the inner region of thin accretion disk adjoining the event horizon. The trajectories of photons,
reaching the distant observer from the inner region of the thin accretion disk, are calculated in
the geometric optic approximation. It is also supposed that the accretion disk is optically thin.
The event horizon silhouette is smaller than the black hole shadow and is placed on the celestial
sphere within the awaited position of black hole shadow.
We identify the dark region on the EHT image with the event horizon silhouette and, respec-
tively, the bright region on the EHT image with the brightest point in the accretion disk. For
the case of the supermassive black hole M87*, we find the angular distance of the brightest point
in the thin accretion disk from the center of the observed event horizon silhouette depending
on the black hole spin parameter a. As a result, from this dependence, we find the spin of the
supermassive black hole M87*, a = 0.75 ± 0.15.
3II. PHOTON TRAJECTORIES IN THE KERR METRIC
Wedescribe the trajectories of photons (null geodesics) in the Kerrmetric by using the standard
Boyer–Lindquist coordinate system [35] with coordinates (t, r, θ, ϕ) and with units G = c = 1.
Additionally, we put mG/c2 = 1. With these units, the dimensionless radius of the black hole
event horizon is rh = 1 +
√
1 − a2, where the dimensionless spin parameter of the Kerr black hole
is 0 ≤ a ≤ 1.
Trajectories of particles with a rest mass µ in the Kerr space-time are determined by three
constants of motion: a total energy E, a component of angular momentum parallel to symmetry
axis (azimuth angular momentum) L and the Carter constant Q, which is related to the non-
equatorial motion of particles [9, 36]. Particle trajectories (geodesics) in the radial and latitudinal
directions are defined, correspondingly, by a radial effective potential
R(r) = [E(r2 + a2) − La]2 − (r2 − 2r + a2)[µ2r2 + (L − aE)2 + Q] (1)
and a latitudinal effective potential
Θ(θ) = Q − cos2 θ[a2(µ2 − E2) + L2/ sin2 θ]. (2)
Trajectories of photons (null geodesics with µ = 0) in the Kerr space-time are determined only
by two dimensionless parameters, λ = L/E and q2 = Q/E2. These parameters are related to the
impact parameters on the celestial sphere α and β seen by the distant observer placed at a given
radius r0 >> rh (i.e., practically at infinity), at a given latitude θ0 and at a given azimuth ϕ0 (see,
e.g., [7, 37] for more details):
α = − λ
sinθ0
, β = ±
√
Θ(θ0), (3)
where Θ(θ) is from Equation (2).
We use integral equations of motion for photons [9, 36] for numerical calculations of the
gravitational lensing by the Kerr black hole
? r dr√
R(r)
=
? θ dθ√
Θ(θ)
, (4)
ϕ =
? r a(r2 + a2 − λa)
(r2 − 2r + a2)
√
R(r)
dr +
? θ λ − a sin2 θ
sin2 θ
√
Θ(θ)
dθ, (5)
t =
? r (r2 + a2)P
(r2 − 2r + a2)
√
R(r)
dr +
? θ (L − aE sin2 θ)a√
Θ(θ)
dθ, (6)
4where the effective potentials R(r) and Θ(θ) are from Equations (1) and (2). The integrals in
Equations (4), and (5) are understood to be path integrals along the trajectory.
The path integrals in (4), (5) and (6) are the ordinary ones for photon trajectories without the
turning points. For example, the path integral integral Equation (4) can be written in this case
through the ordinary integrals as
∫ r0
rs
dr√
R(r)
=
∫ θ0
θs
dθ√
Θ(θ)
. (7)
In the case of photon trajectories with one turning point θmin(λ, q) (an extremum of latitudinal
potential Θ(θ)), integral Equation (4) can be written through the ordinary integrals as
∫ r0
rs
dr√
R(r)
=
∫ θs
θmin
dθ√
Θ(θ)
+
∫ θ0
θmin
dθ√
Θ(θ)
. (8)
In general, a lensed black hole produces an infinite number of images [37–40]. With the
exception of the very special orientation cases, the most luminous image is a so-called direct or
prime image, produced by photons that do not intersect the black hole equatorial plane on the
way to a distant observer. In the meantime, the secondary images (named also like the higher
order images or light echoes) are produced by photons that intersect the black hole equatorial
plane several times. The energy flux from secondary images as a rule is very small in comparison
to one from the direct image.
III. BLACK HOLE SHADOW
A black hole shadow is the gravitational capture cross-section of photons from the stationary
luminous backgroundplaced at a radial distance fromablack hole exceeding the radius of unstable
photon circular orbit rph (see the definition in [23]).
A black hole shadow in the Kerr metric, projected on the celestial sphere and seen by a distant
observer in the equatorial plane of the black hole, is determined from the simultaneous solution
of equations R(r) = 0 and [rR(r)]′ = 0, where the effective radial potential R(r) is from Eq. (17).
The corresponding solution for the black hole shadow (for a distant observer in the black hole
equatorial plane) in the parametric form (λ, q) = (λ(r), q(r)) is
λ =
−r3 + 3r2 − a2(r + 1)
a(r − 1) , q
2 =
r3[4a2 − r(r − 3)2]
a2(r − 1)2 (9)
(see, e.g., [7, 9] for more details).
5Quite a different black hole image is produced in the case of a black hole highlighted by the
non-stationary luminous matter plunging into a black hole inside the radius of unstable photon
circular orbit rph.
IV. EVENT HORIZON SILHOUETTE
The observed dark event horizon silhouette is recovered by gravitational lensing of photons
emitted in the innermost part of the accretiondiskadjoining to the event horizon. In ageometrically
thin accretion disk, placed in the equatorial plane of the black hole, there is an inner boundary
for stable circular motion, named the marginally stable radius or the Inner Stable Circular Orbit
(ISCO), r = rISCO (see, e.g., [23] for more details):
rISCO = 3 + Z2 −
√
(3 − Z1)(3 + Z1 + 2Z2), (10)
where
Z1 = 1 + (1 − a2)1/3[(1 + a)1/3 + (1 − a)1/3], Z2 =
√
3a2 + Z2
1
. (11)
The corresponding values of parameters E and L for particles in the accretion disk co-rotating
with the black hole at a circular orbit with a radius r are obtained from the simultaneous solution
of equations R = 0 and dR/dr = 0, where the effective radial potential R is from Equation (1):
E
µ
=
r3/2 − 2r1/2 + a
r3/4(r3/2 − 3r1/2 + 2a)1/2 , (12)
L
µ
=
r2 − 2ar1/2 + a2
r3/4(r3/2 − 3r1/2 + 2a)1/2 . (13)
We use a simple model for describing the non-stationary motion of the small gas elements
of accreting matter in the region rh ≤ r ≤ rISCO and suppose the pure geodesic motion of the
separate small gas element (or compact gas clump) in the accretion flow with the conserved
orbital parameters E and L from (12) and (13), corresponding to the radius r = rISCO.
See in Figures 1 and 2 the examples of numerically calculated 2D trajectories of small disc
elements spiralling down into the black holes in the region rh ≤ r ≤ rISCO.
See also in Figure 4 two 3D photon trajectories starting from the thin accretion disk (light green
oval) at r = 1.01rh in the equatorial plane of the black hole with a = 0.9982 and reaching the distant
observer very near the outline (contour) of the event horizon silhouette (light black region). In
the case of M87*, the viewed dark silhouette is the image of the southern hemisphere of the black
hole horizon.
6FIG. 1. 2D trajectory (red spiral) of the small accretion disk element in the non-stationary region rh ≤ r ≤
rISCO, spiralling down into the non-rotating Schwarzschild black hole with a = 0. The small accretion disk
element is starting at r = rISCO = 6 (green ring) with orbital parameters E/µ = E(rISCO)/µ = 2
√
2/3 and
L/µ = L(rISCO)/µ − 0.001 =
√
3/2 − 0.001, where E and L are from Eqs. (12) and (13).
We suppose also that the thin accretion disk is transparent and the energy flux in the rest frame
of small gas elements is isotropic and conserved during their spiralling down into the black hole.
See in Figure 3 the parameters of photon trajectories λ and q, reaching the distant observer at
r0 ≫ rh from the rings in thin accretion disk in the black hole equatorial plane at θs = π/2 and
rs = 0.01rh and rs = rISCO. The pairs (λ, q) are the numerically calculated solutions of integral
Eqs. (4) and (8). Namely, the pairs of solutions (λ, q) of Equation (4), corresponding to the photon
trajectories without the turning points, are shown by the blue colors. Respectively, the pairs of
solutions (λ, q) of Equation (8), corresponding to the photon trajectories with one turning point in
latitudinal direction at θ = θmin(λ, q), are shown by the red colors. The case of the rotating black
hole M87* with spin a = 0.75 is shown. It is physically reasonable to suggest that the black hole
spin axis is alignedwith the large-scale jet. In the case of the supermassive black holeM87*, the line
of sight makes a θ0 = 163
◦ angle with the spin axis of the black hole. This value of the inclination
angle is derived from the detailed VLBI (Very Long Baseline Interferometry) observations of the
famous relativistic jet from the M87* [41]. Additionally, these VLBI observations indicate the
7FIG. 2. 2D trajectory (red spiral) of the small accretion disk element in the non-stationary region rh ≤
r ≤ rISCO, spiralling down into the rotating black hole with a = 0.65. The small accretion disk element
is starting at r = rISCO = 3.616 (green ring) with orbital parameters E/µ = E(rISCO)/µ = 0.903 and L/µ =
L(rISCO)/µ − 0.001 = 2.675 − 0.001, where E and L are from (12) and (13). In contrast with the non-rotating
black hole, the spiralling down accretion disk element is multiply winding around the rotating black hole
by approaching the event horizon at rh = 1.759.
clockwise flow rotation about the jet axis.
To calculate the energy shift of photons and energy flux from the lensed image of accretion
disk, it is necessary to take into account both a red-shift in the black hole gravitational field and
Doppler effect. It is convenient to use in these calculations the orthonormal Locally Non-Rotating
Frames (LNRF) [23, 42], for which the observers’world lines are r = const, θ = const, ϕ = ωt+const,
where a frame dragging angular velocity
ω =
2ar
(r2 + a2)2 − a2(r2 − 2r + a2) sin2 θ. (14)
The requested photon energy in the frame, comoving with the small disk element (or compact
gas cloud) at θ = π/2, is [34, 38]
E(λ, q) = p
(t) − V(ϕ)p(ϕ) − V(r)p(r)√
1 − [V(r)]2 − [V(ϕ)]2
. (15)
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FIG. 3. Parameters of photon trajectories λ and q, reaching the distant observer from the rings in accretion
disk at r = 1.01rh (left graph) and at r = rISCO (right graph). The case of rotating black hole with the spin
a = 0.75 in the galaxy M87 is shown, corresponding to θ0 = 163
◦. The blue color corresponds to photon
trajectories without the turning points, defined from numerical solutions of the integral Equation (7). The
red color corresponds to photon trajectories with only one turning point at θ = θmin(λ, q), defined from
numerical solutions of the integral Equation (8). The brightest point (marked by a star “⋆” at the right
graph) in the accretion disk is placed at radius rISCO ≃ 1.16rh and corresponds to the photon trajectory
without turning points and with the maximum permissible azimuth angular momentum. Parameters of
photon trajectory from the brightest point are λ = 1.18 and q = 3.79 or α = −4.03 and β = −0.18.
In this equation, the azimuth velocity V(ϕ) of the small disk element with orbital parameters E,
L and Q = 0 relative the LNRF, falling in the equatorial plane onto a black hole, is
V(ϕ) =
r
√
r2 − 2r + a2 L
[r3 + a2(r + 2)]E − 2aL . (16)
A corresponding radial velocity in the equatorial plane relative the LNRF is
V(r) = −
√
r3 + a2(r + 2)
r
√
R(r)
[r3 + a2(r + 2)]E − 2aL , (17)
where R(r) is defined in (1) with Q = 0. The components of photon 4-momentum in the LNRF are
p(ϕ) =
√
r
r3 + a2(r + 2)
λ, p(t) =
√
r3 + a2(r + 2)
r(r2 − 2r + a2) (1 − ωλ), (18)
p(r) = −1
r
√
(r2 + a2 − aλ)2
r2 − 2r + a2 − [(a − λ)
2 + q2]. (19)
9FIG. 4. Two 3D photon trajectories starting from the thin accretion disk (light green oval) at r = 1.01rh
in the equatorial plane of the black hole with a = 0.9982 and reaching the distant observer very near the
outline (contour) of the event horizon silhouette (light black region). In the case of M87*, the viewed dark
silhouette is the image of the southern hemisphere of the black hole horizon. Parameters of these photon
trajectories are λ = −0.047 and q = 2.19 and, respectively, λ = −0.029, q = 1.52. The closed dark red curve
is the corresponding outline of the black shadow, defined by Equation (9). The dashed red circle is the
observed position of the black hole event horizon in the imaginary Euclidian space. The magenta arrow is
the black hole rotation axes.
Respectively, the energy shift (the ratio of photon frequency at infinity to a correspondingone in
the rest frame of the small disk element is g(λ, q) = 1/E(λ, q). This energy shift is used in numerical
calculations of the energy flux from the accretion disk elements measured by the distant observer,
following formalism by C. T. Cunnungham and J. M. Bardeen [37]. The corresponding values
of the observed local energy flux from the non-stationary region rISCO ≤ r ≤ rh in the accretion
disk are marked in Figures 5–7 by the different levels of color intensity: a more intensive color
corresponds to a more intensive energy flux. In the meantime, the different colors from the dark
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FIG. 5. The internal part of the lensed accretion disk at rh ≤ r ≤ rISCO adjoining to the event horizon in the
case of rotating black hole with spin a = 0.75. The brightest point in accretion disk is at radius rISCO = 3.158
(green ring) and corresponds to the photon trajectory with λ = 1.179, q = 3.788 or α = −4.029, β = −0.18.
The black region is the event horizon silhouette. The viewed black silhouette in the case of M87* is the
image of the southern hemisphere of the black hole horizon. The outline (contour) of this black silhouette
is the equator of the event horizon. The closed dark red curve is a border of the black hole shadow. The
dashed red circle is the observed position of the black hole event horizon in the imaginary Euclidian space.
The magenta arrow is the black hole rotation axes.
blue to red in these Figures correspond to the red-shifts of observed photons. Near the brightest
points in these Figures, the blue color of observed photons is chosen.
The form of the black hole silhouette does not depend on the observed frequency and is defined
only by the properties of the black hole gravitational field. For this reason, we are free to choose
any frequency (or color) for emission from the brightest point in the accretion disk. We choose the
dark blue color for the brightest point, viewed by the distant observer. The observed frequencies
(colors) from the other points in the non-stationary region rISCO ≤ r ≤ rh are scaled (normalized)
relative to the chosen frequency at the brightest point in accordance with the calculated energy
shift of the observed photons from Eq. (15).
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FIG. 6. Silhouette of the southern hemisphere of the black hole event horizon (black region) projected inside
the black hole shadow (closed purple curves) for the black hole in the galaxy M87, θ0 = 163
◦. Positions of
the brightest points in accretion disk at r = rISCO (green ring) are marked by red stars ⋆ in the case of black
hole spin a = 0.9882 (left image) and a = 0 (right image), respectively.
V. SPIN OF THE BLACK HOLE M87*
Direct images of the inner non-stationary part of thin accretion disk in the region rh ≤ r ≤ rISCO,
adjoining to the black hole event horizon, are presented in Figures 2, 3, 6 and 4 for the case ofM87*.
In these Figures the black region is the event horizon silhouette. The viewed black silhouette in
the case of M87* is the image of the southern hemisphere of the black hole horizon. The outline
(contour) of this black silhouette is the equator of the event horizon. The closed dark red curve
is a border of the black hole shadow. The dashed red circle is the observed position of the black
hole event horizon in the imaginary Euclidian space. Themagenta arrow is the black hole rotation
axes.
The gravitational red-shift and Doppler effect are taken into account in these images. Local
artificial colors of the thin accretion disk images are related with an effective local black-body
temperature of the accreting gas elements. Wemade numerical calculations for 10 different values
of the black hole spin in the range 0 ≤ a ≤ 1 with the step 0.1. All these numerical calculations
demonstrate that the observed brightest point in the thin accretion disk is always placed at
12
FIG. 7. Superposition of the M87* image, obtained by EHT [1–6], and the thin accretion disk model from
Figure 5 in the case of black hole spin a = 0.75. Star ⋆ here and as well as in the all other similar Figures
marks the modelled position of the brightest point in the thin accretion disk at r = rISCO (green ring). The
closed dark red curve is a border of the black hole shadow. The dashed red circle is the observed position
of the black hole event horizon in the imaginary Euclidian space. The magenta arrow is the black hole
rotation axes.
radius r = rISCO at the point corresponding to photon trajectory without turning point and with
the maximum permissible azimuth angular momentum λ > 0. In Figure 3, the position of the
brightest point is marked by a star “⋆” at the right graph, corresponding to the largest (positive)
azimuth angular momentumλ of photonwith the direct orbit, starting from r = rISCO and reaching
the distant observer without the turning points.
The derived relation between the position of the brightest point in the thin accretion disk and
the observed black hole silhouette depending on the black hole spin is shown in Figure 8. From
the comparison of this relation with the image obtained by the EHT, it follows that the best fit for
the spin of the supermassive black hole of M87* is a = 0.75± 0.15. In this fit, the value 6 109M⊙ for
themass of the supermassive black hole ofM87* [43] is used. The 1σ error in this fit corresponds to
the observed width of the asymmetric bright ring on the M87* image [1–6]. The derived value of
the M87* spin is in a general agreement with the other similar estimations [44–52]. See in Figure 6
the superposition of the M87* image and the modelled image of the thin accretion disk in the case
13
of a = 0.75.
FIG. 8. The numerically calculated relation between the distance d(a) of the brightest point in the thin
accretion disk from the center of the viewed black hole silhouette depending on the black hole spin a for
the case of M87*. It is marked the 1σ-error region for the fitted value of the black spin.
VI. CONCLUSIONS
We calculated numerically the form of the event horizon silhouette of the rotating Kerr black
hole by modelling the emission of non-stationary luminous matter spiralling down into the black
hole in the inner region of thin accretion disk at rISCO ≤ r ≤ rh. It was supposed (i) that the
motion of the separate small gas element (or compact gas clump) in the accretion flow is purely
geodesic; (ii) that the thin accretion disk is transparent and (iii) that the energy flux in the rest
frame of small gas elements is isotropic and conserved during their spiralling down into the black
hole. The resulting form of the event horizon silhouette does not depend on the local emission
of accretion disk and governed completely by the gravitational field of the black hole. In the case
of the supermassive black hole M87*, viewed at the inclination angle 163◦, a dark silhouette on
the EHT image is the southern hemisphere of the black hole event horizon. The contour of this
silhouette is the equator of the event horizon.
The brightest point in accretion disk corresponds to the largest (positive) azimuth angular
momentum λ of photon with the direct orbit, starting from r = rISCO and reaching the distant
observer without the turning points. By using the first image of the black hole M87*, we find the
value of the black hole spin a = 0.75 ± 0.15.
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It is clearly seen in the Figures 5, 6 and 7 that the effective horizontal and vertical diameters
of the black hole shadow for the case of M87*, with the black hole rotation axis oriented nearly
opposite to the direction toward the distant observer, very weakly depend on the black hole
spin. These diameters are approximately 2 times greater than the corresponding ones for the dark
silhouette of the black hole event horizon viewed on the first image of the supermassive black
hole M87*. This means that the large awaited size of the black hole shadow is not reconciled with
the size of the dark black region on the first black image presented by the EHT.
ACKNOWLEDGMENTS
We are grateful to E. O. Babichev, V. A. Berezin, Yu. N. Eroshenko and A. L. Smirnov for
stimulating discussions. The authors acknowledge support from Russian Foundation for Basic
Research grant 18-52-15001 NCNIa.
[1] Akiyama, K.; Alberdi, A.; Alef, W.; Asada, K.; Azulay, R.; Baczko, A.-K.; Ball, D.; Balokovic, M.;
Barrett, J.; Bintley, D.; et al. M87 Event Horizon Telescope Results. I. The Shadow of the Supermassive
Black Hole. Astrophys. J. 2019, 875, L1.
[2] Akiyama, K.; Alberdi, A.; Alef, W.; Asada, K.; Azulay, R.; Baczko, A.K.; Ball, D.; Balokovic, M.; Barrett,
J.; Bintley, D.; et al. M87 Event Horizon Telescope Results. II. Array and Instrumentation. Astrophys. J.
2019, 875, L2.
[3] Akiyama, K.; Alberdi, A.; Alef, W.; Asada, K.; Azulay, R.; Baczko, A.K.; Ball, D.; Balokovic, M.;
Barrett, J.; Bintley, D.; et al. M87 Event Horizon Telescope Results. III. Data Processing and Calibration.
Astrophys. J. 2019, 875, L3.
[4] Akiyama, K.; Alberdi, A.; Alef, W.; Asada, K.; Azulay, R.; Baczko, A.K.; Ball, D.; Balokovic, M.; Barrett,
J.; Bintley, D.; et al. M87 Event Horizon Telescope Results. IV. Imaging the Central Supermassive Black
Hole. Astrophys. J. 2019, 875, L4.
[5] Akiyama, K.; Alberdi, A.; Alef, W.; Asada, K.; Azulay, R.; Baczko, A.K.; Ball, D.; Balokovic, M.;
Barrett, J.; Bintley, D.; et al.M87 EventHorizon Telescope Results. V. Physical Origin of theAsymmetric
Ring. Astrophys. J. 2019, 875, L5.
[6] Akiyama, K.; Alberdi, A.; Alef,W.; Asada, K.; Azulay, R.; Baczko,A.-K.; Ball, D.; Balokovic, M.; Barrett,
J.; Bintley, D.; et al. M87 Event Horizon Telescope Results. VI. The Shadow and Mass of the Central
Black Hole. Astrophys. J. 2019, 875, L6.
[7] Bardeen, J.M. Timeline and Null Geodesics in the Kerr Metric. In Black Holes; DeWitt, C., DeWitt, B.S.,
Eds.; Gordon and Breach: New York, NY, USA, 1973; pp. 217–239.
15
[8] Luminet, J.-P. Image of a spherical black hole with thin accretion disk. Astron. Astrophys. 1979, 75,
228–235.
[9] Chandrasekhar, S. The Mathematical Theory of Black Holes; Clarendon Press: Oxford, UK, 1983.
[10] Falcke, H.; Melia, F.; Agol, E. Viewing the Shadow of the Black Hole at the Galactic Center. Astrophys.
J. 2000, 528, L13–L16.
[11] Zakharov, A.F.; De Paolis, F.; Ingrosso G.; Nucita, A.A. Measuring the black hole parameters in the
galactic center with RADIOASTRON. New Astron. 2005, 10, 479–489.
[12] Johannsen, T.; Psaltis, D. Testing the No-hair Theorem with Observations in the Electromagnetic
Spectrum. II. Black Hole Images. Astrophys. J. 2010, 718, 446–454.
[13] Grenzebach, A.; Perlick, V.; La¨mmerzahl, C. Photon regions and shadows of Kerr-Newman-NUTblack
holes with a cosmological constant. Phys. Rev. D 2014, 89, 124004.
[14] Grenzebach, A.; Perlick, V.; La¨mmerzahl, C. Photon regions and shadows of accelerated black holes.
Int. J. Mod. Phys. D 2015, 24, 1542024.
[15] Cunha, P.V.P.; Herdeiro, C.A.R. Shadows and strong gravitational lensing: A brief review. Gen. Rela-
tiv. Gravit. 2018, 50, 42.
[16] Cunha, P.V.P.; Herdeiro, C.A.R.; Rodriguez, M.J. Does the black hole shadow probe the event horizon
geometry? Phys. Rev. D 2018, 97,084020.
[17] Huang, Y.; Dong, Y.-P.; Liu, D.-J. Revisiting the shadow of a black hole in the presence of a plasma. Int.
J. Mod. Phys. D 2018, 27,1850114.
[18] Gralla, S.E.; Porfyriadis, A.P.; Warburton, N. Particle on the innermost stable circular orbit of a rapidly
spinning black hole. Phys. Rev. D 2015, 92, 064029.
[19] Gralla, S.E.; Lupsasca, A.; Strominger, A. Near-horizon Kerr magnetosphere. Phys. Rev. D 2016, 93,
104041.
[20] Gralla, S.E.; Zimmerman, A.; Zimmerman, P. Transient instability of rapidly rotating black holes.
Phys. Rev. D 2016, 94, 084017.
[21] Porfyriadis, A.P.; Shi, Y.; Strominger, A. Photon emission near extreme Kerr black holes. Phys. Rev. D
2017, 95, 064009.
[22] Gralla, S.E.; Lupsasca, A.; Strominger, A. Observational signature of high spin at the Event Horizon
Telescope. Mon. Not. R. Astron. Soc. 2017, 475, 3829–3853.
[23] Bardeen, J.M.; Press, W.H.; Teukolsky, S.A. Rotating Black Holes: Locally Nonrotating Frames, Energy
Extraction, and Scalar Synchrotron Radiation. Astrophys. J. 1972, 178, 347–370.
[24] Dexter, J.; Agol, E.; Fragile, P.C. Millimeter Flares and VLBI Visibilities from Relativistic Simulations
of Magnetized Accretion onto the Galactic Center Black Hole. Astrophys. J. 2009, 703, L142–L146.
[25] Bromley, B.C.; Chen, K.; Miller, W.A. Line Emission from an Accretion Disk around a Rotating Black
Hole: Toward a Measurement of Frame Dragging. Astrophys. J. 1997, 475, 57–64.
[26] Fanton, C.; Calvani, M.; de Felice, F.; Cadez, A. Detecting Accretion Disks in Active Galactic Nuclei.
Publ. Astron. Soc. Jpn. 1997, 49, 159–169.
16
[27] Fukue, J. Silhouette of a Dressed Black Hole. Publ. Astron. Soc. Jpn. 2003, 55, 155–159.
[28] Fukue, J. Light-Curve Diagnosis of a Hot Spot for Accretion-Disk Models. Publ. Astron. Soc. Jpn. 2003,
55, 1121–1125.
[29] Tamburini, F.; Thide´, B.; Molina-Terriza, G.; Anzolin, G. Twisting of light around rotating black holes.
Nat. Phys. 2011, 7, 195–197.
[30] Lu, R.; Roelofs, F.; Fish, V.L.; Shiokawa, H.; Doeleman, S.S.; Gammie, C.F.; Falcke, H.; Krichbaum, T.P.;
Zensus, J.A. Imaging an Event Horizon: Mitigation of Source Variability of Sagittarius A*. Astrophys.
J. 2016, 817, 173.
[31] Luminet, J.-P. An Illustrated History of Black Hole Imaging: Personal Recollections (1972–2002). arXiv
2019, arXiv:1902.11196.
[32] Dokuchaev, V.I. To see invisible: image of the event horizon within the black hole shadow. Int. J. Mod.
Phys. D 2019, 28, 1941005.
[33] Dokuchaev, V.I.; Nazarova, N.O. Event horizon image within black hole shadow. J. Exp. Theor. Phys.
2019, 128, 578–585.
[34] Dokuchaev, V.I.; Nazarova,N.O.; Smirnov, V.P. Event horizon silhouette: Implications to supermassive
black holes M87* and SgrA*. Gen. Relativ. Gravit. 2019 51, 81.
[35] Boyer, R.H.; Lindquist, R.W. Maximal Analytic Extension of the Kerr Metric. J. Math. Phys. 1967, 8,
265–282.
[36] Carter, B. Global Structure of the Kerr Family of Gravitational Fields. Phys. Rev. 1968, 174, 1559–1571.
[37] Cunningham, C.T.; Bardeen, J.M. The Optical Appearance of a Star Orbiting an Extreme Kerr Black
Hole. Astrophys. J. 1973, 183, 237–264.
[38] Viergutz, S.U. Image generation inKerr geometry. I. Analytical investigations on the stationary emitter-
observer problem. Astron. Astrophys. 1993, 272, 355–377.
[39] Rauch, K.P.; Blandford, R.D. Optical Caustics in a Kerr Spacetime and the Origin of Rapid X-Ray
Variability in Active Galactic Nuclei. Astrophys J. 1994, 421, 46–68.
[40] Gralla, S.E.; Holz, D.E.; Wald, R.M. BlackHole Shadows, Photon Rings, and Lensing Rings. arXiv 2019,
arXiv:1906.00873.
[41] Walker, R.C.; Hardee, P.E.; Davies, F.B.; Ly, C.; Junor, W. The structure and dynamics of the sub-parsec
scale jet in M87 based on 50 VLBA observations over 17 years at 43 GHz. Astrophys. J. 2018, 855, 128.
[42] Bardeen, J.M. Stability of Circular Orbits in Stationary, Axisymmetric Space-Times. Astrophys. J. 1970,
162, 103–109.
[43] Gebhardt, K.; Adams, J.; Richstone, D.; Lauer, T.R.; Faber, S.M.; Gltekin, K.; Murphy, J.; Tremaine, S.
The black-hole mass in M87 from Gemini/NIFS adaptive optics observations. Astrophys. J. 2011, 729,
119.
[44] Broderick, A.E.; Loeb, A. Imaging the Black Hole Silhouette of M87: Implications for Jet Formation
and Black Hole Spin. Astrophys J. 2009, 697, 1164–1179.
17
[45] Li, Y.; Yuan, Y.; Wang, J.; Wang, J.; Zhang, S. Constraining spins of supermassive black holes from TeV
variability. II. fully general relativistic calculations. Astrophys. J. 2009, 699, 513–524.
[46] Feng, J.; Wu, Q. Constraint on the black hole spin of M87 from the accretion-jet model. Mon. Not. R.
Astron. Soc. 2017, 470, 612–616.
[47] Sob’yanin, D.N. Black hole spin fromwobbling and rotation of theM87 jet and a sign of amagnetically
arrested disc. Mon. Not. R. Astron. Soc. 2018, 479, L65–L69.
[48] Nokhrina, E.E.; Gurvits, L.I.; Beskin, V.S.; Nakamura, M.; Asada, K.; Hada, K. M87 black hole mass
and spin estimate through the position of the jet boundary shape break. arXiv 2019, arXiv:1904.05665.
[49] Tamburini, F; Thide´, B.; Della Valle, M. Measurement of the spin of the M87 black hole from its
observed twisted light. arXiv 2019, arXiv:1904.07923.
[50] Bambi, C.; Freese, K.; Vagnozzi, S.; Visinelli, L. Testing the rotational nature of the supermassive object
M87* from the circularity and size of its first image. arXiv 2019, arXiv:1904.12983.
[51] Nemmen, R. The Spin of M87*. arXiv 2019, arXiv:1905.02143.
[52] Davoudiasl, H.; Denton, P.B. Ultralight Boson DarkMatter and Event Horizon Telescope Observations
of M87. Phys. Rev. Lett. 2019, 123, 021102.
